Using canonical typicality method, we reconsider the study of dark energy effects on four dimensional black holes. Concretely, we investigate the associated influences on the spectrum of various black hole backgrounds including the charged and the rotating ones. For such black hole solutions, we first elaborate analytically the corresponding radiation spectrum, the Hawking temperature and the dark information. Then, we discuss and analyze the corresponding findings. This work, recovering the results of the Schwarzschield black hole, confirms that dark energy can be considered as a cooling system surrounding the black holes providing a colder radiation and a slower Hawking radiation process.
Introduction
From many years, black holes have been considered as important and fascinating objects, appearing in various theories of gravity. Such objects can provide some insight with respect to the comprehension of certain aspects of quantum gravity theory [1, 2] . It has been suggested that black holes can behave as thermodynamic objects emitting radiation from the event horizon by exploiting results of quantum field theory on curved space-time. This is known by Hawking radiation, which has been explored in the understanding of black hole thermodynamics on non trivial spaces [3, 4] . Certain thermodynamical properties have been investigated for many black holes [5] . In AdS black hole thermodynamics, the cosmological constant Λ has been viewed as a dynamical quantity associated with a thermodynamical variable. According to [6] , Λ has been interpreted as a thermodynamical pressure by using the fact that the conjugate thermodynamic variable is proportional to a volume. In this way, the corresponding phase transitions have been extensively studied in order to support the correspondence between the critical behaviors of the Van der Waals gas and the charged black holes [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] .
Recently, certain black holes have been investigated in the presence of Dark Energy (DE) considered as one of the hardest puzzles in modern physics and astronomy due to its exact origin problem [18, 19] . It is recalled that the dark energy was related to the cosmological constant and vacuum energy long time ago the observation of the acceleration of the recent universe. However, it is still motivated and supported by the recent experimental observations [20, 21] . Compared to the fundamental energy density of gravity, the current DE, under this vision, is very quite small ρ DE ∼ (10 −3 GeV ) 4 [22, 23] . In this regard, any attempt associated with enlightening this tiny magnitude, however dominant energy, is welcome. In particular, the black holes surrounded by DE have received considerable emphasis and their thermodynamics have been intensively investigated [24, 25] . More details on properties of the black holes in quintessential fields can be found in [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] .
More recently, it has been shown that DE affects the radiation spectrum of black holes. In the presence of such an energy, the radiation spectrum of the Schwarzschild black hole has been obtained using either the statistical mechanical approach or the tunneling approach [38, 39, 40, 41, 42] .
The aim of this paper is to contribute to this rich area by investigating the effect of DE on other black hole backgrounds including the charged and the rotating ones. More precisely, we first give the corrected radiation spectrum, the Hawking temperature and the dark information of such black holes. Then, we discuss and analyze the corresponding results. Among others, the Schwarzschild black hole results are recovered by sending the extra parameters to zero. It has been argued that DE can be considered as a cooling system surrounding the black holes providing a colder radiation and a slower Hawking radiation process. In the present paper, we will use dimensionless units in which one has = c = k B = G = 1.
The outline of this paper is as follows. In section 2, we present a concise review on the canonical approach, which has been developed, in order to derive the radiation spectrum of the Schwarzschild black hole. Section 3 deals with the spectrum of the Reissner-Nordstrom (RN) black hole. Section 4 concerns results associated with rotating black holes. In section 5, we discuss and analyze the corresponding results. The last section is devoted to conclusions and open questions.
Black hole radiation spectrum
In this section, we give a review on the black hole spectrum physics [43] . In particular, we discuss the radiation spectrum by recalling the explored computation method.
Radiation spectrum
It is shown that, inside the black holes, the quantum fluctuations create and annihilate a large number of particle pairs near the horizon. In this way, the positive energy particles escape through tunneling from the black hole, inside region where the Hawking radiation occurs. Once such particles cross the black hole horizon, the statistical energy distribution can be described using the radiation spectrum. It has been remarked that the determination of the Hawking radiation deserves deeper investigations. The radiation spectrum, found by Hawking, obeys the thermal distribution [44, 45] . Alternatively, a statistical mechanical approach has been also discovered [42, 46] , bringing the same results as the quantum tunneling method based on particle dynamics [47, 48, 49, 50, 51, 52, 53] .
In what follows, we recall such an approach being based on canonical typicality [39, 40, 41] , or the micro-canonical hypothesis. It is recalled that a black hole B could involve a mass M, a charge Q, and an angular momentum J. The corresponding density matrix reads as 
It is noted that |r and |b ′ are the eigenstates of R and B ′ with eigen-energies E r and E b ′ , respectively. Here, Ω B (E) is the number of the microstates with energy E = E r + E b ′ required by the energy conservation principal. The calculation associated with B ′ shows that the reduced density matrix of R takes the following form where p (ω, q, j, M, Q, J) represents the distribution probability of the radiation given by
It is noted that |ω, q, j is the eigenstate of the radiation R, with mass ω, charge q and angular momentum j. In the black hole physics, ∆S BB ′ (ω, q, j, M, Q, J) denotes the entropy difference between B and B ′ taking the following form
(2.6) Using (2.4)-(2.6), we can compute the radiation spectrum in terms of p (ω, q, j, M, Q, J).
To do so, it is worth noting that the entropy can be obtained by using the Bekenstrein-
where A H (M, Q, J) and R H (M, Q, J) are the area and the radius of the black hole, respectively. In this way, the radiation spectrum, given in (2.5), can be rewritten as
(2.8)
Schwarzschield black hole spectrum
Here, we examine the Schwarzshield black hole which will be considered as a reference model, in order to check the validity of the present computations.
Radiation spectrum
We start by deriving the radiation spectrum for the Schwarzschild black hole in the existence of the DE using a statistical mechanical approach. To do so, we first express the horizon radius in terms of the mass function using the associated metric. The latter is given by
The DE effect appears in such a metric via the f (r) function given by
where r o is a scale factor depending on the cosmological constant Λ, and where ω q indicates the state parameter restricted to lie in −1 < ω q < −1/3. It is noted that the f (r) function can be obtained by considering first the Einstein equations for a physical contribution corresponding to a static spherically symmetric quintessence field surrounding a black hole [26, 27, 28] . Then, one should solve such equations exactly for a specific choice of free parameters, associated with energy-omentum tensor of the quintessence noted by T µν . For a static state involving a spherical symmetry, it is noted that one can write a general form of space-time components of such a tensor as follows
It is emphasized that, for an isotropic state, one can get
In the presence of the quintessence field, one has
Fixing the state parameter ω q , one can obtain the explicit expression of the function D(r) representing the pressure in terms of the density A(r). Then, it is possible to parameterize the space-time interval of spherically symmetric static gravitational field as follows
where one has used ν = ν(r) and τ = τ (r). Normalizing the gravitational constant, we can determine the general expression of the quintessence tensor T µν . In this way, its spatial part is proportional to the time component with the arbitrary parameter B depending on the internal structure of the quintessence. Up to calculations, one gets
Using r i r j = 1 3 r n r n δ j i , one can obtain
Thus, the pressure takes the following form
Using the metric components T t t = T r r , and the following equations
we can define a principle of linearity and additivity given by ν + τ = 0, with v ′ = dv/dr.
Taking τ = −ln(1 + f ), one gets a linear differential form of Einstein equations as follows
Using the condition of additivity and linearity, we can fixe the free parameter of the energy momentum tensor B. Indeed, one considers
leading to
Using equations (2.20-2.21-2.23-2.24), we can obtain
The solutions can be given as follows
with c and r g = 2M are normalization factors. Since we deal with here three types of black holes, it is useful to generalize the metric form using a free parameter ω n being different from the quintessence state parameter ω q . It has been shown that the form of the exact spherically symmetric solutions of Einstein equations can have the following form
where r n are now dimensional normalization constants. Taking ω n = 1/3 for instance, with the corresponding normalization constant being equal to −Q 2 , one can get the Reissner-Nordstorm black hole function f (r) given by
To obtain the de Sitter space one can take ω n = −1, where the normalization constant is ℓ 2 . For a particular contribution of quintessence, one can write
Taking Q = 0, however, we obtain the Schwarzshield black hole with quintessence. In this way, the metric function is given by (2.10). It is known that the de-Sitter Schwarzschield black hole has a metric function given by
which is noting but the function f (r) of the Schwarzschield black hole surrounded by quintessence with ω q = −1. The associated function is written as
It turns out that can relate the de-Sitter parameter ℓ to r 0 by r 0
To determine the horizon radius of the Schwarzshield black holes surrounded by the quintessence, we can exploit the metric function given in (2.10), and then resolve the following equation
Assuming that the quintessence affects slightly the geometry of the black hole, we can resolve such an equation perturbatively by taking R H = R 0 H + δ, where δ represents the modification or perturbation generated by the presence of quintessence. Indeed, the above equation takes the following form
Using the fact that δ
Note in passing that this method will be exploited, trough this paper, to determine the horizon loci of black holes treated in the present work. Roughly, the corresponding horizon radius reads as
where ξ = −(3ω q + 1)/2 belonging to the interval [0, 1] and where F Sch is a function given by
Replacing (2.39) in (2.8), we obtain the corrected radiation spectrum in the presence of
(2.41)
Turning off the effect of DE F Sch → 0 (Λ → 0), this probability reduces to
which is the Parikh-Wilczek (P-W) spectrum reported in [54] .
Temperature
Analyzing the Hawking radiation as tunneling, Parikh and Wilczek have noticed that the radiation spectrum can not be strictly thermal [52] . However, they have given a correction of the probability of emission. In the absence of quintessence, the above probability of emission is called the non thermal radiation. In fact, it is not easy to derive the Hawking temperature from this radiation. However, one should deal with only the thermal part which is achieved by considering large black holes (M ≫ 1). Since ω is the mass of the radiated particle, it is obviously much smaller than M. In this way, the above relation reduces to
where β is the inverse of Hawking temperature. Thus, the temperature of Schwarzshield Black hole is
.
To derive the temperature from the thermal radiation spectrum, similar analysis is needed in the rest of the paper.
For the radiation spectrum in the presence of DE, we discuss the evaporation process.
as stated above for a black hole with a large mass (M ≫ 1), the non-thermal contribution of the radiation spectrum can be evinced. Then, the approximated thermal distribution probability becomes now as
In the presence of DE, further calculations associated with (2.45) gives β Sch H leading to the following expression of the Hawking temperature
Introducing a modification factor 
where M is the mass of the black hole and Q is its charge [55] . In this way, the horizon radius can be obtained by solving the constraint f (R H ) = 0. Taking r 0 = 6 Λ , the calculation gives
The solution of (3.2) can be put as R RN
is the horizon radius of the RN black hole without DE. While, the second one carries information on the effect of DE. For such a black hole, this term is given by
Thus, the associated horizon radius reads as
where F RN is a function depending on ξ and Λ. For such a black hole, it is given by 
up to the first order in F RN . An examination shows that the first term can be simplified.
However, the second one is stuck. The problem here is the square root functions and the denominators. As we are dealing with objects that have big masses (many times the solar mass 10 30 ), we can consider the case Q ≪ M. The second term, which will be denoted by α DE , can be rewritten as
Using the approximations
can be expressed as
(3.8)
To handle these square root functions, we shall use the following limit
After calculations, the corrected radiation spectrum of the RN black hole reads as
where we have kept the second order of ω and q. The higher orders are omitted. It is noted that the first term exp {−πα RN } concerns the radiation spectrum without DE.
However, the extra factor α DE is associated with the DE correction. This reveals that the radiation spectrum depends on ξ and Λ. When the effect of DE vanishes, the above probability would reduce to
It is worth noting that we can check the validity of the main results by comparing them to the Schwarzschield black hole case. Taking Q = 0 and q = 0, we recover (2.41) which matches perfectly with the results given in [42] . It is noted that the black hole radiation spectrum can be investigated using an alternative method based on the socalled quantum tunneling, which will not be discussed here. For the absence of DE, we can use, however, the results obtained in [54, 56] to verify the validity of the present results concerning the absence of DE.
Evaporation process the RN black hole
Here, we reconsider the Hawking temperature of the RN black holes with the DE corrections. It is recalled that such a temperature is
For a black hole with a large mass (M ≫ 1), the non-thermal part of the radiation spectrum can be ignored. In this way, the approximated thermal distribution probability reads as
It is observed that, when the effect of the DE vanishes (F RN → 0), this distribution reduces to the ordinary Hawking radiation spectrum
In what follows, we discuss such a spectrum in terms of DE.
Without DE
Here, we deal with two cases. The first one concerns the neutral radiated particles (q = 0) while the second one is associated with charged radiated particles (q = 0). In the first case, (3.13) becomes
Using appropriate approximations, we get
where β RN 0 H , being the inverse of the temperature in the absence of DE, reads as
In the second case (q = 0, however, similar approximations give
It is noted that these results match perfectly with the quantum tunneling method developed in [54, 56] .
With DE
In this part, we discuss generic situations associated with (3.12) . Taking q = 0 (ω 0 = 0), we find
Using the expression of β RN 0 H and leaving the added term by DE unchanged, we obtain
Factorizing by β RN 0 H ω, this can be put as
(3.20)
Considering the situation where the mass of the particle (ω) is very small compared to the black hole for only one power of 2M − Q 2 2(M −ω) , we can find
Taking Q ≪ M, we can write M ≃ M 2 − Q 2 . In this way, the probability distribution takes the following form Using this equation, we get
It is expected that these calculation steps and approximations can be exploited for other black hole solutions including Kerr and Kerr-Newmann ones. The temperature of the RN black hole, in the presence of DE, reads as 
where we only kept the first order of F RN . Introducing a modification factor For q = 0, we obtain, however,
where η is a function depending on the RN black hole parameters given by
Further calculations give
(3.30)
Then, the temperature is
It is remarked from (3.23) and (3.31) that DE makes the Hawking radiation colder.
Taking Q = 0 and q = 0, we recover the Schwarzschild black hole case given by
This produces the ordinary temperature appearing in (2.46).
Dark information added by DE
To investigate the information carried by the Hawking radiation, we should use the Von-Neumann entropy S R = −T r (ρ R ln ρ R ) of R which reads as
Here, S (B ′ |R) is given by In other words, the correlation between R and B could be ignored when the energy of R is much smaller than that the one of B. This implies the existence of the thermal radiation discovered by Hawking [44, 45] . It turns out that the thermal spectrum of the black hole radiation is due to the ignorance of the correlation information between the black hole and its radiation. Concretely, this is also the primary cause of the black hole information loss [46] .
It is recalled that the non-thermal radiation has been shown to be the origin of the information correlation between the emissions being radiated out from the horizon of the black hole. Consider the influence of DE on the dark information of neutral particles (q = 0). Indeed, the mutual information for two emissions ω a and ω b can be written as
. (3.35) In the case of the RN black hole, it follows from (3.9) that the distribution probabilities for two particles a and b read as
It is noted that β RN H is the inverse radiation temperature and Γ RN H given by
(3.37)
Then, the joint probability takes the following form 38) where M ′ = M − ω. Using (3.36) and (3.38) , the dark information becomes
where the internal energies of the particles a and b are given by
Thus, the dark information for the RN black hole can be expressed as
At this level, we wish to add some comments on this expression. The first comment concerns the fact that the mutual information between the emissions is proportional to their internal energies. Taking into account information correlation between the radiation particles, the present result can confirm that the RN black hole information is not lost.
The second comment is that one can recover the results of [42] . Indeed, taking Q = 0, we find
DE effects on rotating black holes
In this section, we investigate DE influences on the rotating black hole solutions. Precisely, we establish the associated spectrum.
Kerr black hole
First, we consider the Kerr black hole which is an uncharged black hole which rotates about a central axis. However, it has only mass and angular momentum considered as a possible generalization of the Schwarzschild black hole. This black hole, having spinning structure, involves two surfaces: the horizon, region from which no signal can escape and the Ergosphere which rotates so fast. Moreover, the relevant feature of such a black hole solution is that it describes all black holes without electric charges. It has been proposed that the Kerr solution can be considered as a general description of astrophysical balck holes [57] .
Radiation spectrum
According to [58, 59] , the metric of the Kerr black hole, in the presence of quintessence field, is given by In this black hole solution, we have
To get the outer horizon, we should solve the equation ∆ = 0. Without DE, we get
In the presence of DE, the solution of ∆ = 0 can be perturbatively
(4.4)
Thus, the corresponding horizon radius takes the following form
5)
In this black hole solution, the function F K is given by
where we have only kept the first order of F K . Taking 0 <| a |< M, ∆ = 0 involves two solutions representing the inner and outer horizons.
Using the corrected horizon radius, we can write down the distribution probability of a particle with mass ω and spin j. Substituting the horizon radius (4.5) into (2.8), we can obtain the corrected radiation spectrum of the Kerr black hole. Here, the rotation rate a must be fixed in order to guarantee the conservation of the angular momentum and the energy. In this way, we should fix the total mass and the total angular momentum and allow the black hole mass and the angular momentum to fluctuate [58] . When a particle of spin j = ω · a escapes out of the black hole, the angular momentum becomes
Using similar technics exploited in the RN black hole and substituting (4.5) in (2.8), we find
up to the first order of F K . An examination shows difficulties in dealing with such an expression due to the square root and the difference in the denominators appearing in the seconde term. To evince this difficulty, we proceed in the same way as we have done for the RN black hole. Concretely, we assume that the mass is bigger than the spin. In the slow rotation rate regime, this is considered as a physical assumption. Roughly, we get
(4.8)
Using
, the final distribution probability reads as
where we have kept the second order of ω, and the higher orders are omitted. It is observed clearly the dependence of the radiation spectrum on ξ and Λ. It is noted that the Schwarzschield radiation spectrum can be recovered by sending a to zero.
Evaporation process of Kerr black hole

Kerr Newmann black hole
In this subsection, we discuss the Kerr-Newmann black hole involving three hairs (M, Q, J).
In this way, one might exploit the technical calculations used in the investigation of RN and Kerr black holes. In what follows, we give only the main results.
Radiation spectrum
According to [61, 62] , the line element, of such a black hole solution, can be written as
(4.22)
In the presence of quintessence field, this expression becomes As the previous cases, the horizon radius can be obtained from the above equation. Using the previous analysis and taking the horizon radius of the ordinary Kerr-Newmann black hole
we can obtain
Then, the associated horizon radius is given by Here, the function F KN reads as
where we have only kept the first order of F KN . This corrected horizon radius allows one to derive the distribution probability of a particle with mass ω, charge q and a spin j.
Using the statistical mechanical method and substituting the horizon radius (4.27) into (2.8) , we obtain then the corrected radiation spectrum of the Kerr Newmann black hole.
When the rotation rate a is fixed, the angular momentum and the energy are conserved.
With the right approximations, the distribution probability reads as
where we have kept the second order of ω and q, and the higher orders are ignored. We can clearly observe that the radiation spectrum depends on ξ and Λ. Putting a = 0 and Q = 0, we can recover the Schwarzschield radiation spectrum. RN and Kerr radiation spectrums are also obtained by taking a = 0 an Q = 0, respectively.
Evaporation process of Kerr Newmann black hole
Here, we study the modified Hawking temperature for the Kerr Newmann black hole in the presence of DE. It is recalled that the ordinary temperature is
For large mass, i.e., M ≫ 1, the non-thermal part of the radiation spectrum can be ignored. In this way, the approximated thermal distribution probability is
Dark information added by DE
In the present black hole solution, the dark information can be computed using the same method. However, we give just the obtained calculation. Indeed, we have
(4.40)
When the information correlation between the radiation particles is taken into account, this confirms the idea that the black hole information is not lost.
Results and discussions
In this section, we present the result of our analysis. A close inspection shows that It is noted that the factor λ i where i = Sch, RN, K, KN is proportional to the mass.
This means that the influence of DE on the Hawking temperature increases with the black hole mass. Moreover, in the black-body radiation theory, the lower temperature is associated with the smaller radiation power. Thus, the evaporation of such black holes will be longer.
To understand such thermodynamical behaviors, we plot the black hole temperatures in terms of the mass in the presence and the absence of DE.
In figure (1) , we illustrate the case of the Schwarzschield black hole temperature with DE (red) and without dark energy (blue). It follows from this figure that the DE leads to less temperature. In this way, the black hole takes more time to evaporate, keeping the behavior associated with the absence of DE. In figure (2) , we plot the case of the RN black hole. It is observed the same behavior as the Schwarzschield case. In figure (4) , we plot the Kerr-Newman case. It is observed the same behavior as the Schwarzschield black hole when DE is absente. It is recalled that the extremal case is constrained by a 2 + Q 2 = M 2 representing a circle in the black hole moduli space. Far from such a region, we recover the same results as the previous black holes. 
Conclusion and open questions
In this paper, we have investigated the effect of DE on charged and rotating black holes.
Using a statistical method, we have presented the associated radiation spectrum, the Hawking temperature and dark information of such black holes. These results match perfectly with the ones corresponding to the Schwarzschild black hole. Sending the extra black hole parameters to zero, we have obtained the spectrum expression of such a black hole. Then, we have analyzed in some details the finding of the present work.
Indeed, it has been confirmed that DE can behave as a cooling system surrounding the black hole. This produces a colder radiation and a slower Hawking radiation process. A close examination on these results reveals that T KN > T K > T RN > T Sch . Thus, this
This work comes up with many open questions. For instance, we intend to discuss elsewhere the extension of this explicit study to the other black holes. It would be of interest to study the effect of non trivial backgrounds on black hole spectrums. Moreover, four and higher dimensional black holes have been extensively discussed in connection with string theory and related topics including attractor mechanism associated with the Calabi-Yau compactifications [65, 66] . It will be then an interesting task to investigate such black solutions embedded in non trivial supergravity theories. We believe that these complimentary methods deserve to be studied further.
